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What are composites ?

 Heterogeneous mixtures of two or 
more homogeneous phases

 This work focuses on unidirectional 
fiber reinforced polymers

 Fibers are embedded in a polymer 
matrix to obtain a lamina

 Fibers – strength

Matrix – provides stability &          

transmits load among fibers

 Laminae are stacked together to form 
laminates
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Where are they used ?
 Composites are widely used in various 

industries

 Popular in aerospace, wind energy 
sector, automobile & recreation etc.

 Have high specific stiffness, high 
specific strengths etc. 

 Tailor their material properties 
according to needs of end product

 Increase strength, reduce weight and 
costs 

Do composite materials fail ?
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Failure of composites

Rudder2
Blade1

Bike frame5Pressure vessel4

Tennis racket3

1.http://www.eastcountymagazine.org/node/2734 

2.http://www.yachtsurvey.com/composite_troubles_in_aircraft.htm 

3.http://blog.tennishub.com/blog 

4.http://www.immt.pwr.wroc.pl/~gasior/Researches/Laboratory/laboratory.htm 

5.http://www.bustedcarbon.com/2010_06_01_archive.html
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Overview
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 Considers lamina layers (plies) as building 

blocks of laminates

 Use volume average lamina quantities (stresses 

& strains) to predict failure

 Examples Maximum stress/strain, Tsai-Wu6,  

Hashin7, Christensen8, Puck9 etc.

 Failure prediction remains inadequate

Do lamina quantities capture the 

true stress/strain state in a constituent ? 

Mesomodeling

6. Tsai, S.W., and Wu, E.M. (1971). A general theory of strength for anisotropic materials. Journal of Composite Materials 5, 58–80. 

7.Hashin, Z., and Rotem, A. (1973). A fatigue failure criterion for fiber reinforced materials. Journal of Composite Materials 7, 448–464. 

8. Christensen, R. (1997). Stress based yield/failure criteria for fiber composites. International Journal of Solids and Structures 34, 529–543.
9. Puck, A., and Schürmann, H. (1998). Failure analysis of FRP laminates by means of physically based phenomenological models. Composites Science and Technology 58, 1045–1067.
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< 𝜎22>= 40 𝑀𝑃𝑎

< 𝜎22 >= 40 𝑀𝑃𝑎

Composite Lamina

< 𝜎22>= 46.005 𝑀𝑃𝑎

Fibers

< 𝜎11>= −7.892 𝑀𝑃𝑎
< 𝜎33>= −2.321 𝑀𝑃𝑎

< 𝜎22>= 31.178 𝑀𝑃𝑎

< 𝜎11>= 11.593 𝑀𝑃𝑎
< 𝜎33> = 3.410 𝑀𝑃𝑎

< 𝜎11> = 0 𝑀𝑃𝑎
< 𝜎33 >= 0 𝑀𝑃𝑎

Volume average constituent stresses

Matrix

8

 Use average constituent

quantities to predict failure

 Can apply constituent level 

physics 

 Can predict the response of 

the entire composite using 

just constituent properties

 Examples are Chamis10,  

Mayes11, Huang12 & Tsai-

Ha13.

Multiscale micromechanical modeling

10. Gotsis, P., Chamis, C.C., and Minnetyan, L. (1998). Prediction of composite laminate fracture: micromechanics and progressive fracture. Composites Science and Technology 58, 1137–1149 .
11. Mayes, J.S., and Hansen, A.C. (2004). Composite laminate failure analysis using multicontinuum theory. Composites Science and Technology 64, 379– 394. 
12. Huang, Z.-M. (2004). A bridging model prediction of the ultimate strength of composite laminates subjected to biaxial loads. Composites Science and Technology 64, 395–448. 
13. Huang, Y., Jin, C., and Ha, S.K. (2013). Strength prediction of triaxially loaded composites using a progressive damage model based on micromechanics of failure. Journal of Composite Materials 47, 777–792. 
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Volume average constituent stresses

10

Distribution of stress in constituents
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Overview
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𝑈 > 𝑈𝑓 + 𝑈𝑚

𝑈 = 𝑈𝑓 + 𝑈𝑚 + Δ𝑈

where Δ𝑈 is the missing energy.

Strain energy comparison
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𝑈𝑓 =
1

2
𝜎𝑖𝑗

𝑓
𝜀𝑖𝑗

𝑓
𝑉𝑓 +Φ𝑓𝑉𝑓

𝑈𝑚 =
1

2
𝜎𝑖𝑗

𝑚 𝜀𝑖𝑗
𝑚 𝑉𝑚+Φ𝑚𝑉𝑚

Δ𝑈 = Φ𝑓𝑉𝑓 + Φ𝑚𝑉𝑚

where Δ𝑈 is the ‘Interaction Energy’. 

Interaction energy
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Interaction energy



fV

f
f

ij
f
ijf dV~~

2

1
σ 

mV

m
m

ij
m
ijm dV~~

2

1
σ



fV

f
f

kl
f

ijijklf dVC  ~~

2

1



mV

m
m
kl

m
ijijklm dVC  ~~

2

1

Assuming transverse isotropy and expanding 

in i,j,k and, l yields



9/3/2015

8

15

     

     























2

2323

2

1313

2

1212332223

331113221112

2

3333

2

2222

2

1111

~~~~~2

~~2~~2~~~

2

1

fffffffff

ffffffffffff

f

CCCC

CCCCC





     

     























2

2323

2

1313

2

1212332223

331113221112

2

3333

2

2222

2

1111

~~~~~2

~~2~~2~~~

2

1

mmmmmmmmm

mmmmmmmfmmmm

m

CCCC

CCCCC





Expression for Interaction energy

16

mmff VVU 

How does it depend on fiber volume fraction , 

properties of the materials or applied load state?

Expression for Interaction energy
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Overview
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 Representative Volume Element 

(RVE) with hexagonal fiber 

packing.

 Fiber material - Carbon

Three parametric studies:

1. Fiber VF varied from 0.05 to 0.85

2. Matrix modulus varied as function 

of fiber modulus

3. Five types of biaxial loads

FEA model

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 
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 Matrix modulus 1% (2.35 GPa)

 Strongly dependent on the 

loading 

 Maximum for shear-12 & 

negligible for tension-11

 For VF 0.6 𝛥𝑈 is about 30% for 

shear-12.

Effect of fiber volume fraction on interaction energy

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 

20

𝑬 𝟐𝟐𝒎𝒂𝒕𝒓𝒊𝒙
= 𝟓% 𝑬 𝟏𝟏𝒇𝒊𝒃𝒆𝒓

𝑬 𝟐𝟐𝒎𝒂𝒕𝒓𝒊𝒙
= 𝟏𝟏. 𝟕𝟓 𝑮𝑷𝒂

𝑬 𝟐𝟐𝒇𝒊𝒃𝒆𝒓 = 𝟏𝟒. 𝟎𝟎 𝑮𝑷𝒂

Interaction Energy is minimum

Effect of material properties on interaction energy

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 
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𝑬 𝟐𝟐𝒎𝒂𝒕𝒓𝒊𝒙
= 𝟑𝟎% 𝑬 𝟏𝟏𝒇𝒊𝒃𝒆𝒓 = 𝟕𝟎. 𝟓 𝑮𝑷𝒂

𝑮 𝟏𝟐𝒎𝒂𝒕𝒓𝒊𝒙
= 𝟐𝟔. 𝟑𝟏 𝑮𝑷𝒂

𝑮 𝟏𝟐𝒇𝒊𝒃𝒆𝒓 = 𝟐𝟖. 𝟎𝟎 𝑮𝑷𝒂

Interaction energy is minimum

Effect of material properties on interaction energy

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 

22

 Five types of biaxial loads were

considered

 𝜎22 − 𝜎33
 𝜎12 − 𝜎22
 𝜎12 − 𝜎23
 𝜎12 − 𝜎13
 𝜎23 − 𝜎22

 Biaxial load represented by

radius of circle

 𝜃 is varied from 0 ° to 180°

Effect of biaxial loading on interaction energy
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Effect of transverse biaxial loading on interaction energy
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 Fiber material is carbon

𝐸𝑚 = 1.702% 𝐸𝑓
= 4.0 𝐺𝑃𝑎

 For 𝜎12 − 𝜎13 interaction 

energy is constant

 For  𝜎22 − 𝜎33 interaction 

energy is minimum at 45°

and peaks at 135°

 For remaining three cases 

interaction energy is 

maximum at an angle of 90°

Effect of biaxial loading on interaction energy

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 
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Matrix contribution to interaction energy

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 

26

• Interaction energy is in the range of 30-40% of 

total energy for shear loading for carbon-epoxy 

systems. 

• All this interaction energy is due to the matrix

• Can we augment the matrix stresses with the 

interaction energy to improve failure load 

predictions ?

Challenges 
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Overview
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Fertig matrix failure theory14

14. Ray S. Fertig, III, “Bridging the gap between physics and large-scale structural analysis: a novel method for fatigue life prediction of composites”, SAMPE 2009 Fall Technical 
Conference – Wichita, KS, October 19-22, 2009.
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longitudinal tensile strength of the fiber 

compressive strength of the fiber
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The Maximum stress failure criterion used

Fiber failure theory

30

Computing constituent stresses

 RVE with hexagonal fiber 

packing

 Loads

 Mapping

 Can obtain constituent 

stresses for any composite 

stress state
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K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 
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GRP lamina under combined transverse and 

shear loading

31

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 

CFRP lamina under combined hyrdostatic

and shear loading

32

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 
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GRP lamina under combined transverse and 

through thickness loading

33

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 

GRP lamina under combined longitudinal and  

transverse loading 

34

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 
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The von Mises-maximum principal stress failure 

theory

 RVE must be subjected to 

transverse failure load. 

 Matrix failure theory is 

or 

 Fiber failure criterion is 

same.
K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 

GRP lamina under combined longitudinal and  

transverse loading 

36

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 
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Overview

38

Modeling fluctuations

 Used an RVE with 

Hexagonal fiber packing 

with fiber VF - 0.6

 Subjected to unit biaxial/tri-

axial loading 

 Stress/strain fluctuations of 

matrix constituent were 

extracted

 Two types of matrix 

fluctuations were observed
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Modeling fluctuations - Type 1
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Modeling fluctuations - Type 2
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Interaction energy due to energy 

conserving quantities
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Augmenting quantities

2~m
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m

ij
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2~m
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ij  

 Need to incorporate the  

fluctuation energy constant - Ψ

 Range of Psi is 

 Psi is obtained by iteration

 Psi depends on material properties,

configuration of loading 

& type of fiber packing

10 
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Overview
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GRP lamina under combined transverse and 

shear loading
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CFRP lamina under combined hyrdostatic

and shear loading
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GRP lamina under combined transverse and 

through thickness loading



9/3/2015

24

47

GRP lamina under combined longitudinal and  

transverse loading 

48

Overview
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Summary

 Stress/strain fluctuations in the constituents give rise to 

Interaction energy which can reach 30%

 Interaction energy is mainly due to the fluctuations in the matrix 

constituent

 Stress/strain fluctuations were extracted from the matrix 

constituents and the matrix quantities were augmented to 

minimize interaction energy

 A three parameter micromechanics based Fertig failure theory was 

used along with energy consistent stresses to predict failure

50

Conclusions

 The augmented matrix quantities are now energy 

conserving 

 Use of energy conserving matrix stresses improved 

failure predictions slightly

 Slight improvement in static failure prediction will 

improve creep and fatigue load predictions significantly. 
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Overview
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Future work

 Failure envelopes for multiply laminates need to be 

obtained 

 Fertig failure theory needs to be augmented with matrix 

stresses in the longitudinal direction (𝜎11
𝑚)

 Augmented stresses maybe used with other 

micromechanical theory to see if there is an 

improvement in failure load predictions
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 Material inhomogeneity increases and decreases with fiber VF

 Φ = 𝑓  𝜀 = 𝑓  𝜎 and Δ𝑈 = Φ𝑓𝑉𝑓 +Φ𝑚𝑉𝑚

 So Δ𝑈 = 𝑓  𝜀 = 𝑓  𝜎

Q1 : Negligible  𝜀/  𝜎 in Tension-11 Q2 : Maximum  𝜀/ 𝜎 in Shear-12    
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A closer look at the expression for IE
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ΔU in Tension-11  is negligible ΔU in Shear-12 is about 30%

Distribution of stress with load case for fiber VF 0.6

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 

Interaction energy in tension-22 and shear-23

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 
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𝑬 𝟐𝟐𝒎𝒂𝒕𝒓𝒊𝒙
= 𝟓% 𝑬 𝟏𝟏𝒇𝒊𝒃𝒆𝒓 = 𝟏𝟏. 𝟕𝟓𝑮𝑷𝒂

𝑮 𝟐𝟑𝒎𝒂𝒕𝒓𝒊𝒙
= 𝟒. 𝟑𝟖 𝑮𝑷𝒂

𝑮 𝟐𝟑𝒇𝒊𝒃𝒆𝒓 = 𝟓. 𝟔𝟎 𝑮𝑷𝒂

Interaction Energy is minimum

Effect of material properties on interaction energy

K. A. Malusare and R. S. Fertig, American Institute of Aeronautics and Astronautics, 2014. 

Effect of fiber volume fraction on interaction energy
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Effect of material properties on interaction energy

Material properties

VF

variation

Matrix modulus 

variation

Biaxial

loading

Material Fiber Matrix Matrix Matrix

Material 

type

Transversel

y isotropic

Isotropic Isotropic Isotropic

𝑬𝟏𝟏(𝑮𝑷𝒂) 235.0 0.01𝐸11 (2.35) 0.01𝐸11 𝑡𝑜 1.2𝐸11 4.0 

𝑬𝟐𝟐 (𝑮𝑷𝒂) 14.0 0.01𝐸11 (2.35) 0.01𝐸11 𝑡𝑜 1.2𝐸11 4.0

𝑮𝟏𝟐(𝑮𝑷𝒂) 28.0 0.8769 Varies with matrix

modulus

1.493

𝝂𝟏𝟐 0.2 0.34 0.34 0.34

𝝂𝟐𝟑 0.25 0.34 0.34 0.34
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Material properties WWFE-1

Material properties WWFE-1
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Material properties WWFE-2

Material properties WWFE-2
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 WWFEs are composite failure benchmarks for GRPs and 

CFRPs

 Various failure theories were tested against experimental 

evidence

 Experiments include strength envelopes for laminae and 

laminates

 stress-strain curves for laminae and laminates

 Only lamina strength envelopes were predicted 

World Wide Failure Exercises

Exercise Leading theories

WWFE-I Puck, Zinoviev, Tsai and Bogetti

WWFE-II Carrere, Pinho, Cuntze and Puck

 Usage of lamina quantities don’t permit the use of physics 

 Calibration is cumbersome due to large number of input 

parameters  (50-75) parameters

Outcomes of WWFE-1 & WWFE-2
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CFRP lamina under combined transverse and 

shear loading 

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 

CFRP lamina under combined transverse and 

shear loading 



9/3/2015

35

CFRP lamina under combined transverse and 

shear loading 

GRP lamina under combined through 

thickness and longitudinal loading

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 
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GRP lamina under combined through 

thickness and longitudinal loading

GRP lamina under combined through 

thickness and longitudinal loading
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CFRP lamina under combined through 

thickness and longitudinal loading

K. A. Malusare and R. S. Fertig, International Conference on Future Technologies for Wind Energy, Laramie , 2013. 

CFRP lamina under combined through 

thickness and longitudinal loading
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CFRP lamina under combined through 

thickness and longitudinal loading

76

CFRP lamina under combined hyrdostatic

and shear loading
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GRP lamina under combined transverse and 

through thickness loading

GRP lamina under combined longitudinal and  

transverse loading 
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GRP lamina under combined transverse and 

shear loading

CFRP lamina under combined transverse and 

shear loading 
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GRP lamina under combined longitudinal and  

transverse loading 

82

CFRP lamina under combined hyrdostatic

and shear loading
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GRP lamina under combined transverse and 

through thickness loading

GRP lamina under combined through 

thickness and longitudinal loading



9/3/2015

43

CFRP lamina under combined through 

thickness and longitudinal loading


